This paper deals with the existence and stability of multiple equilibrium profiles in tubular bioreactors. We prove here that a tubular biological reactor can posses one or several equilibrium profiles according to the dispersion and convection terms as long as the kinetic function belongs to a general class of non-monotonic functions. Such systems allow the characterization of the hydrodynamic behavior of most real systems in classifying them between completely mixed systems and perfect Plug Flow systems. The stability analysis of equilibrium profiles is also carried out and it is shown that they are alternatively stable, unstable, stable, etc.
Introduction
In this paper, we investigate the existence of multiple equilibrium profiles in a tubular bioreactor and their stability. A single microbial reaction is considered in a tubular bioreactor whose hydrodynamics are described by convection and dispersion on the biomass and substrate. The reaction kinetics is a nonlinear function to which any particular formula is not assigned.
The study of such a system is particularly important since it makes it possible -playing with the dispersion and convection terms -to characterize the hydrodynamic behavior of most real systems in classifying them between completely mixed systems (infinite dispersion) and perfect plug flow systems (no dispersion term). It is well known that tubular bioreactors admit only one stable equilibrium profile as long as there is no dispersion term in the equation of the system (cf. [4] ). On the other hand, it has long been established that completely mixed bioreactors (which can be viewed as infinite dispersive tubular reactors) can admit multiple equilibrium profiles if the kinetics is non-monotonic and follows a Haldane function ( [1, 4] and related references). However, what happens between these two extreme cases has remained a kind of mystery up to the present time. For a large class of kinetics -that is to say, for any tubular reactor system with a non-monotonic kinetics and a dispersion term -it is shown in this study that there exists a multiplicity of equilibrium profiles. In addition, the stability of these equilibria is investigated.
The dynamical analysis of tubular bioreactors has motivated several research work in the last thirty years ( [2, 5, 12, 6, 7, 10, 11] and related references). Many of these studied the existence and multiplicity of equilibrium profiles ( [12, 6, 7] and related references). However, most of these studies deal with chemical systems and even when related to biochemical processes, the problem is solved for particular model structures (there is no heat exchange in the study by [12] while in other studies an Arrhenius model is usually used). In addition, [6] deals with existence of state trajectories to the system while in [7] the stability of equilibria is not investigated. To the best of our knowledge, the problem of multiple stable equilibrium profiles
Problem statement
The dynamics of tubular bioreactors are described by nonlinear partial differential equations. The nonlinearity comes from the kinetics term. The dynamics modeling is based on the mass balance principle. In this paper, we consider a tubular bioreactor in which a single microbial reaction (one biomass/one substrate) occurs. We consider that both the biomass and the substrate undergo transport and axial dispersion phenomena: this means the biomass is not assumed to be fixed. The mass balance leads to the following system:
with the boundary conditions
where, S, X , S in , X in , q, d, l and µ denote respectively, limiting substrate and living biomass concentrations in the bioreactor, limiting substrate and living biomass concentrations in the influent, the flow rate, the dispersion rate, the length of the bioreactor and the kinetics function. The dispersion rate is assumed to be the same for the living biomass and limiting substrate. Basically, the first equation of (2.1) contains a yield coefficient Y , but it is convenient to rescale X to X Y in order to reduce the number of parameters.
If we denote by (S,X) an equilibrium solution of (2.1) and (2.2) and byS andS (resp.X andX ) the first and the second derivatives ofS (resp. ofX ) with respect to x, the steady state problem associated with (2.1) and (2.2) is
Next, we introduce the new function :
and the constant:
We can see that the new functionŪ is the solution of the linear equation :
and then (integrating equation (2.5) yields) Therefore, substitutingX (x) byŪ(x) −S(x) in (2.3) and (2.4), we get the following two point boundary-value problem:
The system (2.3) and (2.4) is then reduced to (2.6). Throughout this paper, the kinetics function µ(.) is supposed to be non-monotonic, and satisfies the following:
Assumptions A1. -µ(s) > 0, for all s > 0 and µ(s) = 0, for all s ≤ 0 (biological properties).
-µ(.) is three times continuously differentiable; µ(.) and µ (.) are bounded and Hölder continuous in R (of exponent γ ).
Multiple existence of equilibrium profiles
We aim at using the phase-plane analysis to study the existence of multiple equilibrium profiles according to the parameters q and d. We will introduce a change of variables that transforms Eq. (2.6) into an initial-value problem completed by a final condition. We introduce the new variables:
Then, Eq. (2.6) can be rewritten as the following system of differential equations
completed by the final condition
Physically, one could interpret system (3.1) and (3.2) as follows: Given an outputS(l) = u(0) = α of the biochemical reactor, find appropriate values of parameters q and d such that the dynamical system (2.1) and (2.2) has an equilibrium.
Following this idea, we consider the problem:
Find q(α, d) such that the solution of (3.1) satisfies (3.2).
Note that the problem of multiple existence of solutions of (3.1) and (3.2) turns into the problem of existence of α 1 , α 2 , . . . , Before proving this result, we will first give below the phase-plane portrait of (3.1). The parameter values for this simulation Observe that the line ∆(q) represents the condition (3.2). To show that there exists a value of q for which the solution of (3.1) satisfies the condition (3.2), we will show that for small values of q the solution curve (u, v) is below ∆(q) while for large values of q the solution curve (u, v) is above ∆(q). From the continuous dependence of solutions of differential equations on parameters, we can conclude the existence of the q solution of problem (P). (ii): For q sufficiently large, the slope of ∆(q) is large enough and v(x) remains small enough since 
. This is illustrated in Fig. 3 .
Since the solution (u, v) of (3.1) depends continuously on the parameter q, we can deduce from (i) and (ii) that there
Uniqueness: Let p and q be such that 0 < q < p and let us denote by (u p , v p ) and (u q , v q ) the solutions of (3.1) corresponding to p and q, respectively. Assume that (u q , v q ) satisfies (3.2). Let us define the following sets: For any 0 ≤ x ≤ l,
The sets Γ 0 (x), Γ 1 (x) and Γ 2 (x) are represented in Fig. 4 .
To prove the uniqueness of q(α, d), we first show that (u p (x), v p (x)) remains in the domain surrounded by Γ 0 (x), Γ 1 (x) and Γ 2 (x). This property holds if the vector field (u p , v p ) is oriented toward the interior of the domain when one lies on the boundaries Γ 0 (x) and Γ 1 (x) and if on Γ 2 (x), u p (x) remains smaller than u q (x). (i) First of all, on Γ 0 (x) we have:
It follows from these three properties
This last inequality contradicts the assumption that (u q , v q ) satisfies (3.2). Hence, we have the uniqueness of q(α, d).
For the existence of multiple solutions of (3.1) and (3.2), we need to make the following (non-monotonicity) assumptions:
Assumptions A2. -The kinetics function is non-monotonic (in particular: µ(.) is increasing then decreasing with µ (ŝ)
The following statement holds. 
Since we are dealing with large values of d, we set ε = 
Considering the unperturbed problem (ε = 0), we have
It follows that (regarding q as function of
By using the Theorem of dependence on initial conditions and parameters, we have
where
Under Assumptions A1 and A2, we have , there exists ε * > 0 such that, for any 0 ≤ ε ≤ ε * , the problem q(., ε) has a local minimum q Fig. 5 ). It follows that, for any 0 ≤ ε ≤ ε * , the problem (3.1) and (3.2) has -at least three solutions if q 1 < q < q 2 , -at least two solutions if q = q 1 or q = q 2 , -exactly one solution if q < q 1 or q > q 2 .
Please cite this article in press as: A.K. (ii): Let us consider (2.6) and introduce the variables w =S,
Integrating this equation leads to
Let us consider the function
G is the Green function associated with (2.6). We have
By the boundary condition (at x = 0), we have
It follows that
Let us define the continuous map
where L is the Lipschitz constant of g and . C 0 denotes the usual norm on C [0, l] . Assuming that d < 1, we have 
Numerical simulations
We consider the well-known Haldane model for the kinetic function 
Stability analysis
In this section, the stability analysis of the equilibrium profiles is performed. We will first give a general result of stability from the corresponding eigenvalue problem. Then, we will give the main result of this section which states that if there is no degeneracy, the equilibrium profiles are alternately locally asymptotically stable, unstable, l.a.s, etc. Finally, we perform some numerical analysis to illustrate these stability results.
Note that in [3] (see also [5] for a review), it is proven that the system (2.1) and (2.2) has the same asymptotic behavior as the following equation, called the limit equation of (2.1) and (2.2). The stability of equilibrium profiles of (2.1) and (2.2) is determined by the stability of those of this limit equation.
Therefore, we will focus our attention on this equation for the stability analysis. Observe that (2.6) is the steady state problem of (5.1). Now, letS be an equilibrium solution of (5.1) and let us introduce
The following statement holds. , for all 0 ≤ x ≤ l then, the equilibrium solutionS of (5.1) is locally asymptotically stable.
Proof. The linearized equation aboutS is given by
The stability ofS depends on the signs of eigenvalues of the linear operator defined by the right-hand-side term in the linearized equation, together with the boundary conditions. The eigenvalue problem is
x v(x), we have
Multiplying the first line of (5.2) by u and integrating the equation lead to
It follows that, if
, for all 0 ≤ x ≤ l then the eigenvalue λ is strictly negative. Hence, the equilibrium profileS is locally asymptotically stable.
In the second part of this section, we study the stability of equilibrium profiles in the case of multiplicity.
These equilibrium profiles are ordered in the positive cone of the Banach lattice C [0, l] and without loss of generality, we can assume that
Also, the initial condition in (5.1) is assumed to satisfy
Under this condition, [3, Proposition 3.6] implies that the solution of (5.1) is bounded in C [0, l] and converges to one of the equilibrium profiles. We recall the following result of Matano.
Theorem ([8, Theorem 4.4])
. LetS i andS j (i, j ∈ {1, . . . , n}) be two distinct solutions of (2.6) satisfyinḡ
Assume that for any ε > 0, there exists δ > 0 (resp. δ > 0), such that for
the solution S(t, .) of (5.1) satisfies
Then, there exists another solutionS of (2.6), not identical toS i andS j , such that
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Remark 5.1. The Theorem above says that between two stable equilibrium profiles there is necessarily an unstable one. In other words, two stable equilibria cannot follow each other.
LetS be an equilibrium solution of (5.1) and let us consider the eigenvalue problem (5.2). Introducing v = u , we have
Note that the equilibrium solutionS is a decreasing function of x sinceS (x) < 0, for all x ∈ [0, l]. Also, the function
then, there is no solution to problem (5.4). Then, a necessary condition for λ to be an eigenvalue is that
Hence, there exists a positive constant a(S) (depending onS) such that
The equilibrium solutions being of finite number, n, we setĀ = max i=1,...,n (a(S i )) > 0. We make the following assumption:
Assumptions A3. For any equilibrium solutionS, we havē
The following sufficient condition of stability holds. Proof. Let
Consider now the opposite case (that is: f (x) < 0 for all x in [0, l]). As ϕ(l) ≤ 0, the solution of (5.4) satisfies 
. We can deduce from (5.
This implies that :
then, λ < 0 and therefore, the equilibrium solutionS is locally asymptotically stable.
The existence of multiple equilibrium profiles of (2.1) and (2.2) is based on a geometric approach where we have studied the graph of q as a function of α for any given value of d. From a practical point of view, when the system (2.1) and (2.2) has an even number of equilibrium profiles, then there are values of α such that q (α) = 0 and we call the corresponding equilibrium degenerated. Otherwise (q (α) = 0), the equilibrium is called non-degenerated. For example: when the system has two equilibria then one is degenerated (q (α) = 0) and the other one is non-degenerated (q (α) = 0). We summarize this in the following definition for non-degenerated equilibrium. Let us consider now the steady state problem (3.1) and (3.2) written as follows: be the derivative of u with respect to the initial data α and ρ = q (α). We make the following assumption: We have the following stability result: Proof. By Matano's Theorem (above), it is enough to prove that the equilibrium solutions with an odd index are locally asymptotically stable. By Theorem 3.2, such equilibrium profiles correspond to q (α) > 0. Now, letS be such that q (α) > 0. Let us consider the problem (5.6) and notationsξ and ρ. Differentiating with respect to α in (5.6) leads to
xξ . It follows that
By the uniqueness of the solution of (3.1), we have ξ (x) > 0, for all x ∈ [0, l]. Let η = ξ , the above equation becomes
On the one hand, if
+f (0) > 0 then,
it follows that λ < 0.
On the other hand, if
The solution θ of (5.7) satisfies the inequality
Integrating Eq. (5.7), we have
This implies that
Recall that u(l) ≤ S in , ρ > 0 and ξ (l) > 0. It then follows that
Therefore, it follows from Lemma 5.2 that the equilibrium profileS is locally asymptotically stable whenever q (α) > 0.
From the proof of Theorem 3.2, q(.) is increasing at 0 + and S − in . Then, the number of equilibrium profiles is necessarily odd and they are alternately locally asymptotically stable, unstable, l.a.s, etc.
Application: The Haldane growth function
In this section, we perform some numerical simulations to illustrate theoretical stability result above. The well-known Haldane model for the kinetic function is used as in Section 4. Numerical simulations performed in Section 4 show that the number of equilibrium profiles is at most three. We consider the cases where equilibrium profiles are non-degenerated (see the Remark 5.2 on the stability in the degenerated case) and we denote them byS 1 ,S 2 andS 3 .
We consider the same values of parameters K i , K s , µ 0 and S in as in Section 4. We set l = 1.5, d = 1.58 and q = 0.22. The equilibrium profilesS 1 ,S 2 andS 3 of (5.1) are represented in Fig. 7 .
Next, we consider the initial condition S 0 (x) = 2, for all 0 ≤ x ≤ l for (5.1). The solution of (5.1) is then computed and represented in Fig. 8 . We observe that after a short period of time, [9, Chap. 3, Theorem 8], we can show that the equilibrium profileS 1 is stable from above and then by Matano's Theorem above the equilibrium profileS 2 is unstable from below. Now, we consider the initial condition S 0 (x) = 4, ∀0 ≤ x ≤ l for (5.1). The solution S(t, .) is computed again and represented in Fig. 9 . Also, S(t, .) converges towardS 3 
Concluding remarks
This paper was devoted to the existence and stability of multiple equilibrium profiles in tubular bioreactors. A single microbial reaction (one biomass/one substrate) was considered while the kinetic function did not follow any particular formula. It was proven, that as long as the kinetic function belongs to a class of non-monotonic functions, the system, that describes the dynamics of the bioreactor, can exhibit multiple equilibrium profiles depending on dispersion and convection terms. This illustrates the fact that when the dispersion is sufficiently large, the tubular bioreactor behaves like a continuously stirred tank reactor, while for small dispersion rate, its dynamics are similar to the perfect plug flow reactor. The stability analysis of equilibrium profiles shows that in the non-degenerated case, they are alternately stable, unstable, stable, etc. If there exist two equilibrium profiles, then one of them is locally asymptotically stable while the other one is unstable (but attractive from below or above). Finally, in the case where there exists only one equilibrium, it is globally asymptotically stable.
